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Drinfeld shows that the p-adic symmetric space Ωn is the moduli
space of formal modules endowed with an action of a given
division algebra and certain rigidiﬁed condition. He associates to
such a formal module a point in Ωn . His construction is analogous
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associates to a rigid point in Ωn the rigidiﬁed formal module. We
also compute the logarithm of the resulting formal module.
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1. Introduction
Let K be a ﬁnite extension of Qp , O the valuation ring of K and π a uniformizing element
of O . Let n be a natural number, Ωn the set of points of Pn−1K not lying on any hyperplane deﬁned
over K . Then Ωn is a rigid space, called the (n− 1)-dimensional p-adic symmetric space in the sense of
Drinfeld.
In his article [2], Drinfeld shows that Ωn is the generic ﬁber of some formal scheme Ω̂n which
serves as the moduli space for certain rigidiﬁed formal modules endowed with an action of OD , the
maximal order of the central division algebra over K with invariant 1/n. Drinfeld calls these formal
modules special formal modules. For any rigidiﬁed special formal module G over a π -adically com-
plete O-algebra R , Drinfeld associates to it an R-valued point of Ω̂n . If we make an analogy between
special formal modules and abelian varieties over C, this point should play the role of period lattice.
Thus we call the R-valued point the period of G . If R is π -torsion free, then this point corresponds to
an R[ 1π ]-valued point of Ωn also called the period of G .
We consider the inverse procedure of Drinfeld’s construction, which is analogous to constructing
the abelian variety with a given period lattice. In the case of n = 2, Teitelbaum [5] constructs for any
Fr(W(F¯p))-valued point the corresponding special formal group over W(F¯p) and suggests that there
should be a generalization to higher dimension of his result. (In his article, Teitelbaum only considers
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article we give such a generalization. Namely, we associate to any K̂ un-valued point of Ωn the corre-
sponding rigidiﬁed special formal OD -module over Ôun. The process is analogous to Teitelbaum’s, i.e.
we ﬁrst constructs the special ﬁber of the desired module and then lifts it.
In the functional ﬁeld case Genestier [3] gives details of Drinfeld’s construction. In the last chapter
of his article, Genestier also considers the inverse problem by studying the universal special formal
module and then he constructs the determinant morphism Ωn → Ω1.
Our article is organized as follows. In Section 2 we recall the deﬁnition of special formal module
and Drinfeld’s construction of admissible quadruple, and then use the quadruple to deﬁne the period
of the special formal module. In Section 3 we provide the inverse procedure of Drinfeld’s construction.
First we provide some preliminaries in Section 3.1 and use them to construct the special ﬁber of the
desired module in Section 3.2. Then in Section 3.3 we use the technique of universal extension to
obtain the desired rigidiﬁed special formal module. Finally in Section 3.4 we compute the logarithm
of this module.
2. Special formal modules
2.1. Special formal modules and Drinfeld’s moduli problem
For the convenience of the reader, we recall Drinfeld’s deﬁnition of special formal modules [1,2].
Let K be a ﬁnite extension of Qp . Let O be the integral ring of K , m the maximal ideal of O , π
a uniformizing element of O and k the residue ﬁeld of O , which is assumed to be of q elements.
Let A be an unramiﬁed extension of O of degree n, σ the O-automorphism of A which induces
the automorphism x → xq of the residue ﬁeld. Let OD = A[Π] be the noncommutative algebra A[Π]
such that Πn = π and Πa = σ(a)Π .
Let Oun be the maximal unramiﬁed extension of O and ﬁx an embedding j : A ↪→Oun. Let Ôun
be the π -adically completion of Oun, K̂ un the fractional ﬁeld of Ôun. Let k¯ be the residue ﬁeld of Ôun,
which is an algebraic closure of k.
Deﬁnition 1. Let B be a π -adically complete Ôun-algebra. A special formal OD -module over B is an
n-dimensional smooth formal group G over B together with an embedding
ι :OD ↪→ End(G)
such that the induced action of O on the tangent space Lie(G) of G coincides with the O-linear
action coming from the B-module structure and the induced representation of A on Lie(G) is the
direct sum of the n distinct characters of A.
We use the notations WO(B) and Cart(B) in [2].
Deﬁnition 2. A special Cartier module over B is a Z/nZ-graded left Cart(B)-module M =⊕Mi with a
Cart(B)-linear endomorphism Π satisfying Πn = π such that
• V , Π are of degree 1, F is of degree −1, [b] is of degree 0 for every b ∈ B;
• V : M → M is injective;
• M is separated and complete with respect to the V -ﬁltration topology;
• Mi/V Mi−1 is a free B-module of rank 1 for every i.
Special formal OD -modules are closely related to special Cartier modules.
Theorem 1. (See [2].) Let B be a π -adically complete Ôun-algebra. Then there is an equivalence of categories
between the category of special formalOD-modules over B and the category of special Cartier modules over B.
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by M(G).
To describe Drinfeld’s moduli problem, we need to ﬁx a special formal OD -module over k¯.
Deﬁnition 3. Let M be the special Cartier module over k¯ which has a homogenous V -basis gi ∈ Mi
(i = 0, . . . ,n − 1) such that Π gi = V gi for all 0 i  n − 1. Let Φ be the special formal OD -module
over k¯ whose Cartier module M(Φ) is M .
The relations Π gi = V gi imply that ΠM(Φ) = VM(Φ). Thus
[
M(Φ) : ΠM(Φ)]= [M(Φ) : VM(Φ)]= n
and
[
M(Φ) : πM(Φ)]= n[M(Φ) : ΠM(Φ)]= n2.
Hence Φ is of height n2; as an WO(k¯)-module, M(Φ) is free of rank n2; it is easy to see
that g0, . . . , gn−1, . . . , V n−1g0, . . . , V n−1gn−1 form a basis of the WO(k¯)-module M(Φ); for any i,
{V i−1g1, . . . , gi, V n−1gi+1, . . . , V i+1gn−1, V i g0} is a basis of M(Φ)i .
Now we can describe Drinfeld’s moduli problem.
Let Nilp be the category of Ôun-algebras on which π is nilpotent. For any B ∈ Nilp, let ψ be
the homomorphism k¯ → B/π B; let SFD(B) be the set of pairs (G,ρ) where G is a special formal
OD -module over B and ρ : ΦB/π B = ψ∗Φ → G is a quasi-isogeny of height zero.
We state a part of Drinﬂed’s theorem [2] as follows.
Theorem 2. The functor SFD is represented by a formal scheme Ω̂n ⊗ˆ Ôun over Ôun whose generic ﬁber is
Ωn ⊗ˆ K̂ un .
2.2. Construction of the quadruple (η, T ,u,ρ)
Let B be a π -adically complete Ôun-algebra. Drinﬂed constructs for each pair (G,ρ) over B
a quadruple (η, T ,u,ρ) over Spf(B). We will recall his construction in the following.
Let G be a special formal OD -module over B and put M = M(G). The quotient of M⊕n by
the submodule generated by elements of form (0, . . . ,0, V u,−Πu,0, . . . ,0) is denoted by N(M).
The quotient map is denoted by βM . There is a natural grading on N(M) deﬁned by N(M)i =
βM(Mi ⊕ · · · ⊕ Mi). We write βM(x0, x1, . . . , xn−1) = ((x0, x1, . . . , xn−1)).
Let λM be the map N(M) → M sending ((x0, . . . , xn−1)) to ∑n−1i=0 Πn−i−1V ixi ; λM is injective if B
is π -torsion free. Every operator acting on M also acts on N(M) if it commutes with λM . In particular
the subring WO(B)[V ,Π] of Cart(B) acts on N(M).
There is a canonical, universally deﬁned map LM : M → N(M) such that λM ◦ LM = F . The map LM
is additive, of degree 0 and satisﬁes
LM ◦ Π = Π ◦ LM ,
LM(ax) = σ(a)LM(x),
LM(V x) =
(
(Πx,0, . . . ,0)
)
,
where a ∈ WO(B) and x ∈ M .
We compute L for M(Φ).
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The proof is based on the following lemma.
Lemma 1. Let M be a special Cartier module over B with a homogeneous basis {γ 0, . . . , γ n−1} such that
Πγ i = [a0,i]γ i+1 + V xi
for all i = 0, . . . ,n − 1, where∏n−1i=0 a0,i = π and xi ∈ Mi. Then we have
Fγ r ≡ Πn−1xr mod (V + Π)n−1[a0,r]Mr+1. (1)
Proof. We only consider the case of r = 0. The proof for other cases is similar. A simple calculation
shows that
πγ0 = Πnγ0 = [π ]γ0 + [a0,0 · · ·a0,n−2]V xn−1 + [a0,0 · · ·a0,n−3]VΠxn−2 + · · ·
+ [a0,0]VΠn−2x1 + VΠn−1x0.
Thus
Fγ0 =
[
aq0,0 · · ·aq0,n−2
]
ε−1xn−1 + Π
[
aq0,0 · · ·aq0,n−3
]
ε−1xn−2 + · · ·
+ Πn−2[aq0,0]ε−1x1 + Πn−1ε−1x0,
where ε is an element of WO(B) such that V εF = π − [π ]. It remains to show that, [a0,i−1]Mi is
contained in (V + Π)Mi−1. Any element x ∈ Mi may be written as x = [b]γ i + V y with b ∈ B and
y ∈ Mi−1. From the relation
[a0,i−1]γ i = Πγ i−1 − V xi−1
we see that
[a0,i−1]x = Π[b]γ i−1 − V
[
bq
]
xi−1 + V
[
aq0,i−1
]
y,
as desired. 
Proof of Proposition 1. We have to compute universally. Let M be a special Cartier module over B as
in Lemma 1. Claim: for i = 0, . . . ,n − 1, we have
LM
(
γ i
)= ((xi,0, . . . ,0))+ [a0,i]yi, (2)
where yi ∈ N(M)i . By Lemma 1 we have
Fγ i = Πn−1xi + λM
([a0,i]yi)= LM((xi,0, . . . ,0))+ λM([a0,i]yi)
for some yi ∈ N(M)i . If B is A-torsion free, (2) follows from the injectivity of λM . In the general
case (2) follows from the functoriality of LM . Our conclusion is a direct consequence of (2). 
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(
(x0, x1, . . . , xn−1)
) → LM(x0) + ((x1, . . . , xn−1,0)).
It is easy to show that ϕM is well deﬁned. The map ϕM is O[Π]-linear of degree 0 and satisﬁes
ϕM(ay) = σ(a)ϕM(y) for a ∈ WO(B) and y ∈ N(M).
Deﬁnition 5. We associate to any special Cartier module M over B , a triple (ηM , TM ,uM), where
ηM = N(M)ϕM =
{
x ∈ N(M): ϕM(x) = x
}
, TM = M/V M
and uM is the O[Π]-linear map ηM → TM of degree 0 which is the composition of the inclusion
ηM ↪→ N(M) and the map N(M) → M/V M sending ((x0, x1, . . . , xn)) to x0 mod V M .
Note that both ηM and TM are Z/nZ-graded. Moreover, ηM is canonically isomorphic to ηMB/π B ,
where MB/π B denotes the Cartier module Cart(B/π B) ⊗Cart(B) M over B/π B .
Proposition 1 implies that ηiM(Φ) is a free O-module with basis ((V
i−1g1,0, . . . ,0)), . . . ,
((gi,0, . . . ,0)), ((V n−1gi+1,0 · · · ,0)), . . . , ((V i+1gn−1,0, . . . ,0)), ((V i g0,0, . . . ,0)). Using this basis
we identify ηiM(Φ) with O
⊕n and identify ηiM(Φ) ⊗O K with K⊕n .
From now on, we restrict our attention to the case of B = Ôun. Let G be a special formal OD -
module over Ôun which admits a quasi-isogeny ρ : Φ → GÔun/πÔun . Then ρ induces an isomorphism
ρ : K⊕n = η0M(Φ) ⊗O K ∼−→ η0M(G
Ôun/πÔun )
⊗O K = η0M(G) ⊗O K .
Let Zi (i = 1,2, . . . ,n − 1) be the functions on Ωn such that Zi(P ) = xi/xn for any L-valued point
P = [x1 : · · · : xn] of Ωn .
Deﬁnition 6. The map u induces a map uK : η0G ⊗O K → T 0G ⊗Ôun K̂ un. We deﬁne the period of G to
be the K̂ un-valued point P in Ωn satisfying
Zi(P ) = uK ◦ ρ((V
n−i gi,0, . . . ,0))
uK ◦ ρ((g0,0, . . . ,0)) .
3. Special formal module over Ôun with given period
Let Ôun and K̂ un be as in Section 2. Let σ be the K -automorphism on K̂ un which induces the
k-automorphism x → xq on k¯.
3.1. Preliminary
Let x1, . . . , xr be r elements of K̂ un, v the vector (x1, . . . , xr) ∈ (K̂ un)⊕r .
Lemma 2. If x1, . . . , xr are linearly independent over K , then v, vσ , . . . , vσ
r−1
are linearly independent
over K̂ un .
Proof. We prove the lemma by induction on r. If r = 1, there is nothing to prove. If v, vσ , . . . , vσ r−1
are linearly dependent over K̂ un, the r × r-matrix {xσ j−1i }1i, jr is degenerate. Let vi =
(xi, xσi , . . . , x
σ r−1
i ) and v˜ i = (xi, xσi , . . . , xσ
r−2
i ) for i = 1, . . . , r. By the inductive assumption the
(r − 1) × (r − 1)-matrix {xσ j−1i }1i, jr−1 is invertible. Thus there exist a1, . . . ,ar−1 ∈ K̂ un such that
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v˜σr =
∑r−1
i=1 σ(ai)v˜σi . Since v˜
σ
1 , . . . , v˜
σ
r−1 are linearly independent over K̂ un, we must have ai = σ(ai)
for i = 1, . . . , r − 1. Since K = (K̂ un)σ=1, we have a1, . . . ,ar−1 ∈ K . This contradicts the hypothe-
sis that x1, . . . , xr are linearly independent over K . Hence v, vσ , . . . , vσ
r−1
are linearly independent
over K̂ un. 
Lemma 3. Both vσ
−1
and vσ
r
belong to Ôunv + · · · + Ôunvσ r−1 .
Proof. We prove that vσ
r
belongs to Ôunv + · · · + Ôunvσ r−1 . The proof of the statement for vσ−1 is
similar.
By Lemma 2 we may write vσ
r =∑r−1i=0 bi vσ i with bi ∈ K̂ un. What we need to show is that all bi
belong to Ôun. We prove this by induction with respect to r. If r = 1, there is nothing to prove.
Replacing xi by xi/xr and bi by bixσ
i
r /x
σ r
r , we may assume that xr = 1. Let
v˜ = vσ − v = (xσ1 − x1, . . . , xσr−1 − xr−1,0).
We claim that xσ1 − x1, . . . , xσr−1 − xr−1 are linearly independent over K . Otherwise there are
a1, . . . ,ar−1 ∈ K such that ∑r−1i=1 ai(σ (xi) − xi) = 0; then ∑r−1i=1 aixi belongs to K , which contradicts
the assumption that x1, . . . , xr−1,1 are linearly independent over K .
By the inductive assumption we have
vσ
r − vσ r−1 = v˜σ r−1 ∈ Ôun v˜ + · · · + Ôun v˜σ r−2
= Ôun(vσ − v)+ · · · + Ôun(vσ r−1 − vσ r−2).
It follows that vσ
r ∈ Ôunv + · · · + Ôunvσ r−1 . 
Lemma 4. Let z1, . . . , zn−1 be elements of K̂ un\K such that z1, . . . , zn−1,1 are linearly independent over K .
There exist unique y1, y2, . . . , yn ∈ K̂ un such that
yσ
j
n +
n−1∑
i=1
zi y
σ j
i =
{
1 if j = 0,
0 if j = 1, . . . ,n − 1. (3)
Moreover y1, . . . , yn are linearly independent over K .
Proof. By Lemma 2, the following n × n-matrix
⎛⎜⎜⎜⎝
z1 z2 · · · zn−1 1
zσ
−1
1 z
σ−1
2 · · · zσ
−1
n−1 1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
zσ
1−n
1 z
σ 1−n
2 · · · zσ
1−n
n−1 1
⎞⎟⎟⎟⎠
is invertible. Let yi be the (i,1)-entry of the inverse matrix of this matrix. Then y1, . . . , yn satisfy (3).
If y1, . . . , yn are not linearly independent over K , then by Lemma 2 the vector (y1, . . . , yn) lies in the
subspace spanned by (yσ
j
1 , . . . , y
σ j
n ), j = 1,2, . . . ,n − 1. But this contradicts (3). 
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Let m˜ be the element of GLn(K ) with (i, j)-entry
m˜i, j =
⎧⎨⎩
1 if 2 i  n and j = i − 1,
π−1 if i = 1 and j = n,
0 otherwise.
Proposition 2. Let z1, . . . , zn−1 be elements of K̂ un\K such that z1, . . . , zn−1,1 are linearly independent
over K . Let P be the point in Ωn(K̂ un) such that Zi(P ) = zi . Let y1, . . . , yn be elements of K̂ un such that (3)
holds, E P be the n × n-matrix
⎛⎜⎜⎝
y1 yσ1 · · · yσ
n−1
1
y2 yσ2 · · · yσ
n−1
2· · · · · · · · · · · ·
yn yσn · · · yσn−1n
⎞⎟⎟⎠ .
We write ordπ det(E P ) = tn − j P with t ∈ Z and 0  j P  n − 1. Then there exists a special formal OD-
module G0(P ) over k¯, a quasi-isogeny of height zero ρ(P ) : Φ → G0(P ) and a V -basis {γ 1, . . . , γ n} of
M(G0(P )) such that
(
V n−1γ j P+1, . . . , V γ j P−1, γ j P
)= (ρ(V n−1g jP+1), . . . , ρ(V g jP−1),ρ(g jP )) · π−tm˜− j P E P . (4)
Proof. Choose γ i ∈ M(Φ) ⊗O K such that
(
V n−1γ j P+1, . . . , V γ j P−1, γ j P
)= (V n−1g jP+1, V g jP−1, . . . , g jP ) · π−tm˜− j P E P . (5)
Let Mi be the Ôun-submodule of M(Φ)i ⊗O K generated by γ i, V 1γ i−1, . . . , V n−1γ i+1 and put M =⊕n
i=1 Mi .
First we show that M is stable under the action of V . For this it suﬃces to prove that
V nγ i ∈ Ôunγ i + ÔunV γ i−1 + · · · + ÔunV n−1γ i+1
for all i. By the injectivity of V this is equivalent to
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
V nγ j P ∈ Ôunγ j P + ÔunV γ j P−1 + · · · + ÔunV n−1γ j P+1,
V n+1γ j P−1 ∈ ÔunV γ j P−1 + ÔunV 2γ j P−2 + · · · + ÔunV nγ j P ,
.
.
.
V 2n−1γ j P+1 ∈ ÔunV nγ j P+1 + ÔunV n+1γ j P + · · · + ÔunV 2n−2γ j P+2.
(6)
Let
(x1, . . . , xn) =
{
(π1−t yn− j P , . . . ,π1−t y1,π−t yn, . . . ,π−t yn+1− j P ) if j P  1,
(π−t yn,π−t yn−1, . . . ,π−t y1) if j P = 0.
By (5) we have
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γ j P = σ n−1(x1)g jP + σ n−1(x2)V g jP−1 + · · · + σ n−1(xn)V n−1g jP+1,
V γ j P−1 = σ n−2(x1)g jP + σ n−2(x2)V g jP−1 + · · · + σ n−2(xn)V n−1g jP+1,
.
.
.
V n−1γ j P+1 = x1g jP + x2V g jP−1 + · · · + xnV n−1g jP+1,
(7)
and we deduce that
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
V nγ j P = σ−1(x1)π g jP + σ−1(x2)πV g jP−1 + · · · + σ−1(xn)πV n−1g jP+1,
V n+1γ j P−1 = σ−2(x1)π g jP + σ−2(x2)πV g jP−1 + · · · + σ−2(xn)πV n−1g jP+1,
.
.
.
V 2n−1γ j P+1 = σ−n(x1)π g jP + σ−n(x2)πV g jP−1 + · · · + σ−n(xn)πV n−1g jP+1.
Combining these equalities with Lemma 3 we obtain (6). Therefore M is V -invariant.
We prove that M is Π -invariant. From (7) we see that
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
ΠV n−1γ j P = πV n−1γ j P+1,
ΠV nγ j P−1 = V nγ j P ,
ΠV n+1γ j P−2 = V n+1γ j P−1,
.
.
.
ΠV 2n−2γ j P+1 = V 2n−2γ j P+2.
(8)
Since ΠV = VΠ and V is injective, we have
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Πγ j P = πγ j P+1,
Πγ j P−1 = γ j P ,
Πγ j P−2 = γ j P−1,
.
.
.
Πγ j P+1 = γ j P+2.
(9)
Lemma 3 tells us that the matrix π−tm˜− j P E P satisﬁes that
(
π−tm˜− j P E P
)σ−1 ∈ GLn(Ôun).
Thus we have ΠM jP = V M jP . Combining this with (9) we may prove that ΠMi ⊂ Mi+1 by induction
with respect to i = j P , j P + 1, . . . , j P + n − 1.
We prove that M is F -invariant. We have
πMi = ΠnMi ⊂
{
Π i− j P M jP = VΠ i− j P−1M jP if i > j P ,
Πn+i− j P M jP = VΠn+i− j P−1M jP if i  j P .
Hence V FMi = πMi ⊂ V Mi−1. It follows that FMi ⊂ Mi−1.
It is easy to show that Mi/V Mi−1 is one-dimensional over k¯. Therefore M is a special Cartier
module. Let G0(P ) be the special formal OD -module such that M(G0(P )) = M . Then there exists
a unique quasi-isogeny ρ(P ) : Φ → G0(P ) such that (4) holds, which is of height zero because
ordπ det(π−tm˜− j P E P ) = 0. 
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We use the technique of the universal extension [4] to construct the desired special formal module.
Hazewinkel [4] describes universal extensions as generalized Lubin–Tate modules. Let G0 be a for-
mal O-module of dimensional d and height h over k¯. The Lubin–Tate O-module E(G0) associate to G0
is an h-dimensional formal O-module over Ôun whose Dieudonne module is the Cart(Ôun)-module
generated by the symbol κ(γ ), γ ∈ M(G0) with the relations κ(Fγ ) = Fκ(γ ) and κ(aγ ) = aκ(γ )
for a ∈ Ôun. As an Ôun-module, M(G0) can be considered to be the Lie algebra of E(G0). Note that
G0 → E(G0) is functorial. Every formal O-module of dimensional d over Ôun with reduction G0 is
the quotient of E(G0) by an additive submodule according to the following theorem.
Theorem 3 (Cartier). (See [4, Corollary 30.3.27].) Liftings G of a formal O-module G0 over k¯ of dimension
d and height h to Ôun are classiﬁed up to isomorphism by lattices L ⊂ VM(G0) such that L is a free Ôun-
submodule of rank h − d, M(G0)/L is free of rank d and L + πM(G0) = VM(G0).
Let L be a lattice as in Theorem 3. We describe the lifting G corresponding to L as follows. Let
R(L) be the additive formal O-module over Ôun with Lie algebra L. The Dieudonne module of R(L)
is generated by δ(ξ) for ξ ∈ L with the relations F δ(ξ) = 0 and δ(aξ) = aδ(ξ) for a ∈ Ôun. The map
μ :M(R(L)) → M(E(G0)) given by
μ
(
δ(ξ)
)= κ(ξ) − V κ(V−1ξ) (10)
deﬁnes a homomorphism of formal O-modules R(L) → E also denoted by μ. The quotient E/μ(R(L))
is exactly the lifting G corresponding to L. Let ε : E(G0) → G denote the quotient map. Then ε(κ(γ ))
modulo π is γ .
If G0 is a special formal OD -module, then E(G0) is also a formal OD -module. So, to lift G0 to-
gether with its OD -module structure, it suﬃces to specify a lattice L which is stable under the action
of OD , i.e. a graded lattice stable under the action of Π . For such a lattice L, R(L) is an OD -module,
the maps κ , μ, δ, ε commute with the OD -action and the corresponding lifting G of G0 is a special
formal OD -module.
Theorem 4. Let z1, . . . , zn−1 be elements of K̂ un\K such that z1, . . . , zn−1,1 are linearly independent over K ,
P a point in Ω(K̂ un) such that Zi(P ) = zi . Let (G0(P ),ρ(P )) be as in Proposition 2. Let L(P ) be the lattice
in M(G0(P )) spanned by V jγ i (0 i  n − 1, 1 j  n − 1), where γ i are determined by the formula (4).
Let G(P ) be the formalO-module corresponding to L(P ). Then the point (G(P ),ρ(P )) in SFD(Ôun) satisﬁes
Zi(G(P ),ρ(P )) = zi .
We need the following lemma.
Lemma 5. Let B be a π -adically completeO-algebra, M a special Cartier module over B.
(i) For any ((x0, x1, . . . , xn−1)) ∈ N(M), we have
FλM
(
(x0, x1, . . . , xn−1)
)= Πn−1λMϕM((x0, x1, . . . , xn−1)). (11)
(ii) Suppose that B is π -torsion free. Then ((x0, x1, . . . , xn−1)) is in ηM if and only if
FλM
(
(x0, x1, . . . , xn−1)
)= Πn−1λM((x0, x1, . . . , xn−1)).
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FλM
(
(0, x1, . . . , xn−1)
)= n−1∑
i=1
Πn−i−1F V ixi = π
n−1∑
i=1
Πn−i−1V i−1xi
= Πn−1
n−1∑
i=1
Πn−i V i−1xi = Πn−1λM
(
(x1, x2, . . . , xn−1,0)
)
= Πn−1λMϕM
(
(0, x1, x2, . . . , xn−1)
)
and
FλM
(
(x0,0, . . . ,0)
)= FΠn−1(x0) = Πn−1F (x0) = Πn−1λMLM(x0)
= Πn−1λMϕM
(
(x0,0, . . . ,0)
)
.
The equality (11) follows.
The statement (ii) follows from (i) and the injectivity of Πn−1λM . 
Proof of Theorem 4. It is easy to see that L = L(P ) satisﬁes the condition in Theorem 3. Moreover,
L is graded and stable under the action of Π . Thus L determines a special formal OD -module G(P )
over Ôun which is a lifting of G0(P ).
We write M =M(G0(P )) and M=M(G(P )).
The following exact sequence of formal OD -modules
0 R(L) E(G0(P )) G(P ) 0
induces an exact sequence of their Lie algebras
0 Lie(R(L)) Lie(E(G0(P ))) Lie(G(P )) 0
0 M(R(L))/VM(R(L)) M(E(G0(P )))/VM(E(G0(P ))) M/VM 0.
The Lie algebra of E(G0(P )) can be identiﬁed with M . Hence from (10) we see that M/VM is canoni-
cally isomorphic to M/L.
By Lemma 5, η0M(G(P )) consists of elements ((x˜0, . . . , x˜n−1)) ∈ N(M)0 such that
FλM
(
(x˜0, x˜1, . . . , x˜n−1)
)= Πn−1λM((x˜0, x˜1, . . . , x˜n−1)).
If x ∈ M satisﬁes F x = Πn−1x, then Fεκ(x) = Πn−1εκ(x), because ε and κ commute with F
and Π . We see that the lifting of ρ(P )((g0)) (resp. ((V n−i gi))) in η0M(G(P )) is εκρ(P )((g0)) (resp.
εκρ(P )((V n−i gi))). Here for simplicity we just write ((x)) for ((x,0, . . . ,0)) ∈ η0M(Φ) .
Now we compute the period of (G(P ),ρ(P )). Let H = E−1P . It is clear that the (1, i)-entry of H is{
zi if 1 i  n − 1,
1 if i = n.
The inverse matrix of π−tm˜− j P E P is Hm˜ jP π t . Hence we have
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ρ(P )V jP g0 ≡ π tγ j P mod L jP ,
ρ(P )V jP− j g j ≡ π t−1z jγ j P mod L jP , if 0 < j  j P ,
ρ(P )V n+ j P− j g j ≡ π t z jγ j P mod L jP , if j P < j  n − 1.
Combining these relations with (9) we get{
ρ(P )g0 ≡ π tγ 0 mod L0,
ρ(P )V n− j g j ≡ π t z jγ 0 mod L0, if 1 j  n − 1.
Thus {
u
(
εκρ(P )
((
g0
)))≡ π tεκ(γ 0) mod VM,
u
(
εκρ(P )
((
V n− j g j
)))≡ π t z jεκ(γ 0) mod VM, if 1 j  n − 1.
It follows that
Z j
(
G(P ),ρ(P )
)= z j
for j = 1,2, . . . ,n − 1. This completes the proof. 
3.4. Logarithm of G(P )
For any i = 0,1, . . . ,n − 1, let E P ,i be the n × n-matrix⎛⎜⎜⎝
y1 yσ1 · · · yσ
i−1
1 y
σ−1
1 y
σ i+1
1 · · · yσ
n−1
1
y2 yσ2 · · · yσ
i−1
2 y
σ−1
2 y
σ i+1
2 · · · yσ
n−1
2· · · · · · · · · · · · · · · · · · · · · · · ·
yn yσn · · · yσ i−1n yσ−1n yσ i+1n · · · yσn−1n
⎞⎟⎟⎠ .
Put αi = det(E P ,i)/det(E P ) and
βi =
{−αn−i−1/αn−1 if 1 i  n − 1,
1/αn−1 if i = n.
By Lemma 3 we have β1, . . . , βn ∈ Ôun.
Using [4, (30.2.32)] we can determine the logarithm of G(P ).
Theorem 5. Let (G(P ),ρ(P )) be as in Theorem 4. Let g(T ) be the vector of power series such that
g(T ) = T + σ(β1)m˜σ∗g
(
T q
)+ σ 2(β2)m˜2σ 2∗ g(T q2)+ · · ·
+ σ n−1(βn−1)m˜n−1σ n−1∗ g
(
T q
n−1)+ σ n(βn)
π
σ n∗ g
(
T q
n )
, (12)
where T =
( T0
.
.
.
Tn−1
)
, T q
r =
( T qr0
.
.
.
T q
r
n−1
)
.
Then g is the logarithm of G(P ). Namely
G(X, Y ) = g−1(g(X) + g(Y ))
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action on G so that Π acts as g−1m˜−1g and so that a ∈ A acts as g−1[a]g, where
[a] = diag(j(σ j P+1(a)), . . . , j(σ n(a)), j (a), j(σ(a)), . . . , j(σ j P (a))).
Then the resulting special formalOD-module is isomorphic to G(P ).
We need the following lemma.
Lemma 6. Let B be a (maybe noncommutative) ring with 1, σ an automorphism of B. Let a1,a2, . . . ,ar
be r elements of B. Let {bm}∞m=0 (resp. {b′m}∞m=0) be the sequence in B such that b0 = 1 (resp. b′0 = 1) and
bm =∑min(r,m)i=1 aiσ i(bm−i) (resp. b′m =∑min(r,m)i=1 b′m−iσm−i(ai)) for m 1. Then bm = b′m for all m.
Proof. We prove the statement by induction. If m = 0, there is nothing to prove. Let m be a positive
integer and assume that bm′ = b′m′ for 0m′ <m. Then
bm =
min(r,m)∑
i=1
aiσ
i(bm−i) =
min(r,m)∑
i=1
aiσ
i
(min(r,m−i)∑
j=1
bm−i− jσm−i− j(a j)
)
=
∑
i, jr,i+ jm
aiσ
i(bm−i− j)σm− j(a j) =
min(r,m)∑
j=1
(min(r,m− j)∑
i=1
aiσ
i(bm− j−i)
)
σm− j(a j)
=
min(r,m)∑
j=1
bm− jσm− j(a j) =
min(r,m)∑
j=1
b′m− jσ
m− j(a j) = b′m,
as desired. 
Proof of Theorem 5. The only thing we need to prove is that the logarithm g of G(P ) satisﬁes (12).
We keep to use the notations in Theorem 4 and its proof. Let τ denote the natural map M → M/L.
Let U i be the n × n-matrix such that
τ F i
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
γ j P+1
.
.
.
γ n
γ 0
.
.
.
γ j P
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Ui
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
γ j P+1
.
.
.
γ n
γ 0
.
.
.
γ j P
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Then [4, (30.2.32)] tells us that with suitable choice of coordinates the logarithm of G(P ) can be
written as
g(T ) = T +
∞∑
i=1
Ui
π i
T q
i
. (13)
It is easy to show that
V nγ j P =
n−1∑
παn−r−1V rγ j P−r = αn−1V Fγ j P +
n−1∑
παn−r−1V rγ j P−r .
r=0 r=1
1134 B. Xie / Journal of Number Theory 129 (2009) 1122–1135It follows that
Fγ j P = 1
σ(αn−1)
V n−1γ j P −
n−1∑
r=1
πσ(αn−r−1)
σ (αn−1)
V r−1γ j P−i . (14)
Using (9) we deduce that, for any j = j P + 1, . . . , j P + n − 1,
Fγ j = 1
σ(αn−1)
V n−1γ j −
∑
1r< j− j P
πσ(αn−r−1)
σ (αn−1)
V r−1γ j−r
−
∑
j− j Prn−1
σ(αn−r−1)
σ (αn−1)
V r−1γ j−r
=
∑
1r< j− j P
πσ(βr)V
r−1γ j−r +
∑
j− j Prn
σ(βr)V
r−1γ j−r . (15)
Then
F iγ j =
∑
1r< j− j P
πσ i(βr)F
i−1V r−1γ j−r +
∑
j− j Prn
σ i(βr)F
i−1V r−1γ j−r .
It follows that, for any j = 0, . . . ,n, we have
τ F iγ j =
∑
1r< j− j P ,
ri
π rσ i(βr)τ F
i−rγ j−r +
∑
j− j Prn,
ri
π r−1σ i(βr)τ F i−rγ j−r .
In other words,
π−iU i =
min(i,n)∑
r=1
(
π r−iU i−r
)
σ i
(
βrm˜
r).
Applying Lemma 6 we get
π−iU i =
min(i,n)∑
r=1
σ r
(
βrm˜
r)σ r(π r−iU i−r)= min(i,n)∑
r=1
σ r(βr)m˜
rσ r
(
π r−iU i−r
)
.
Combining this equality with (13) we see that the logarithm g(T ) satisﬁes (12). 
At last, we consider the action of SLn(K ) on Ωn such that
Zi
(
τ (P )
)= ai,n +∑n−1j=1 ai, j Z j(P )
an,n +∑n−1j=1 an, j Z j(P ) , i = 1, . . . ,n − 1,
where ai, j is the (i, j)-entry of τ . Let J (P , τ ) = an,n +∑n−1j=1 an, j Z j(P ). It is easy to see that
βi
(
τ (P )
)= βi(P ) σ n−1( J (τ , P ))n−1−i , i = 1, . . . ,n.σ ( J (τ , P ))
B. Xie / Journal of Number Theory 129 (2009) 1122–1135 1135From these relations we see that the formal modules G(τ (P )) and G(P ) are isomorphic, though the
corresponding rigidiﬁed data are distinct. Indeed, if we write σ n−1( J (τ , P )) = bπ s with b ∈ (Ôun)× ,
s ∈ Z, and put g′(T ) = b−1g(P )(bT ), then it is easy to see that
g′(T ) − T − σ (β1(τ (P )))m˜σ∗g′(T q)− σ 2(β2(τ (P )))m˜2σ 2∗ g′(T q2)− · · ·
− σ n−1(βn−1(τ (P )))m˜n−1σ n−1∗ g′(T qn−1)− σ n(βn(τ (P )))π σ n∗ g′(T qn )
lies in Mn(Ôun)[[T ]]. So, by Hazewinkel’s functional equation lemma [4, Section 10.2] there exists a
vector of formal power series h = T + · · · ∈ Mn(Ôun)[[T ]] such that g′(T ) = g(h(T )); consequently
G(τ (P )) is isomorphic to G(P ).
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